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Abstract
This paper aims to study and present some properties related of the Polygamma functions. In particular,
(n)
it is proved that forx > 0 andn = 1,2,..The function JTS’C&) + f is increasing.

Also, it is provided the double inequality
1/1(“) (x) x 1

0<1/J(“+1)(x) n 2n
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Introduction
The digamma function y(x) is the logarithmic derivative of gamma function I'(x) and is defined by

d
Y(x) = alogl’(x),x #* 0,—-1,-2,.. (3.1)
The digamma function satisfies the recurrence formulas
1
; = l/)(x + 1) - lp(x);x * 0, _1; _21 (32)
It may also be defined as the limit
n
) 1
Y(x) = 1111_{130 (lnx — kzlm> (3.3)

For more details, refer to [1]-[2] and the references therein.

In [3], the asymptotic expansion is as follows

1 1 w B
ll)(x)~lnx—a—m=lnn—2n:1u—kk X — (3.4)
Where B, ,n = 0,1,2, ..., are the Bernoulli numbers.

[oe]

lp(1+x)_¢(f) ~1+Zw, x> o, x* 0,—-1,-2, (3.5)

2 2 X nx?2n

n=1

Recently in 2022 [5], Mahmoud, Talat, and Ahfaf introduced the following approximation
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v (1 erx> —v (Jz_c) - %*‘ 20+ Zx:: -y T O (xz,ll”), (3.6)

1
where b; = S and

22i+2 —1)B,: -1 22i—2v+2 —1)B,:
Y f Gl 2”2+Z( "~ DB )y
i+1 i—v+1
v—1
The nth derivative of ¥ (x)[1]
_1\n
" =yt -T2 0= o0 37)
Y(x YW (x ) ,n 1, .. .
also, from [4] we have
=D*"n—-1D! (=D*(n)!2 _
YW (x) = - T 0 n=12,.. 38)

In [6] (pp. 10), and [7] (p. 33) The asymptotic representations of functions contributing to the polygamma functions
are given in the following. We maintain contributions up to O (x%) to reach double precision accuracy in a fully

analytic representation. Higher order terms can calculated if needed in more special numerical applications.

YO (x)~ (~1)"+ Z <(l + Tl - 1)!> .xi"n' n>1 (3.9)

i!
i=0

-1 ) ~m+2r—1)B,,
w(n)(x)~(_1)n1[ xn 2xn+1 (2r)! xntaer o xme (310)
r=1
, 1 1 . 1 1 . 1 1 s 691 1 s +174611

YO~ nx =~ 17%7 T 120x%  252x6 T 240x8  123x0 T 32760x2 12204 6600x20

1

+0(.z)

D) 1+ 1 . 1 1 s 1 1 s 5 691 s +174611+ (1)
Lt x  2x2  6x3 30x° 42x7 30x° 66x'1 2730x13 330x21 x23
@) 1 1 1+1 1+3 5+691+ 43867+ (1)
) = e T T 2 Toxt  ox® T 10x10  6x12 T 210218 4220 x22
@ 2 3 2 1 4 3 10 691 438670 1
VO~ Gt Gt e T e T 1ees - e 0 ()
@ 1 12 10 7 12 33 130 691 206169 1
V) A T e T e o T xi T yde T T T <ﬁ)
Also, we have [4] the asymptotic expansions:

lp(l)(x)—l+i+i+i 0< 0, <1

T x  2x2 6x3  30x5’ 1
@ (x) = 1t 1 1,1 % 0<6,<1
V) = x2 x3 2x* 6x6 6x8’ 2
2 3 2 6,
lp(3)(x)=x_3+x_4 Py 0<O6;<1

These asymptotic formulas were used to prove the first case when n=1, while we will prove the results

mentioned above for all cases where y = 1,2, ...
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The Results
Theoreml forx > 0andn = 1,2, ... the following function is increasing.
YW () x
Y@+ (x) n (4.1)
Proof. This means, showing that:
(n+ DY () —nyp® () P2 (1) > 0 (4.2)
Using the relation (3.9) and (3.10), we can write the next form:
2r—1 .
D™ (n+i—-1B; (-D™(n+2r—-1)!B,
M™(x) = . -+ 0 L, 0<6<1
l/) (x) L (i)! x N+ + (27")! xn+2r ’
forn = 2m + 1(i.e. odd number); m = 0,1,2,...andr = 2 we get
3 .
(—1)2m+2+ 2m + i) B; (2m + 4)!
Y™ (x) = @t (x) = Z Drxemei +0 O 0< 6<1
=0
m)! Cm+1)! (2m+3)!

2m+1)
1[) (x) < x2m+1 2x2m+2 12x2m+3

= Z0 23 [(2m + 1)@2m + 2) + 6(2m + Dx + 12x7]  (43)
Also
(n+1) (@m+2) > (~1)2™H 2m + 1+ D)B; (2m + 5)!
1/) (X) = l‘b (x) = (i)!x2m+2+i +6 30(4)! x2m+6 ’ 0<6<1
i=0
—-(2m)!
Y@M (x) < (12 ) x7FH(2m + 1)(2m 4+ 2)(2m+3) + 62m + 1D)(2m + 2)x
+ (2m + 1)12x2] (4.4)
And
3 .
(—1)2m+++i (2m + 2 + D) B; (2m + 6)!
¢(n+2) x) = ¢(2m+3)(x) = ' T xmaT +0 30@) B 0< 9 <1

i=0
“2m=5(2m 4+ DC2m + 2)2m+3)2m+4) + 6(2m + D(2m +2)(2m + 3)x

+ 2m+ 1)(2m + 2)12x?%] (4.5)
From (4.3), (4.4) and (4.5) we have:

2
w(x) = @m + DY@ () P (x) — (2m + 2) (P (1))
<;—;(m +1)@2m + 1)2@2m)2 4™ D [2m? + m(6x + 5) + 3x(x + 3) + 3]

—(2m)!
(2m+3) 7
PPm+3)(x) < 12 X

Then w(x) < 0 for all m = 0,1,2, ... yields (4.2) when n add number.

Now forn = 2m (i.e. even number);m = 0,1,2,...and r = 1 and by the same way as in the proof, we get
1

(=)™ 2m + i — 1)B; 2m+ 1)!
) — 4, 2m) — i
Y (x) =y m(x)_zO D +96(2)!x2m+2' 0< o<1
i=
-(2m-1)! (@2m)!
¢(2m+)(x) < x2m T ox2m+l
=2 (2m — 1)!x72m " (=2m - 2x) (4.6)
Also
(n+1) (2m+1) Y (=)™ 2+ (2m + i)B; 2m + 2)!
lp (x) = lp (x) = (i)! x2m+2+i +6 6(2)! x2m+3 4 0<6<1
i=0
2m)! (2m+ 1)!
¢(2m+1)(x) > x2m+1l  py2m+2
1
= EZm @2m-1D!x"m2(2m+1) +2 4.7)
And
(n+2) (2m+2) S (—1)2m43+ (2m + 1+ 0)B; 2m +3)!
¢ (x) = ¢ (x) = Z (i)! x2m+2+i +6 6(2)!x2m+4’ 0<6<1
i=0
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(2m+3) —(@2m)! —2m-5
Y x) < 7~ [2m + D@2m + 2)2m+3)2m +4)+ 6(2m + 1)(2m + 2)(2m + 3)x

+ (2m + 1)(2m + 2)12x?] (4.8)
From (4.6), (4.7) and (4.8) we have:

W) = @m)PEm () YEmD () — 2m + 1) (PEm0 ()
w(x) < m22m + 1)(@m — D)’ (=2m — 2x — 2)(—2m — 2x)x~*m=*

—m22m + D(2m — D))’ x4t @2m + 2x + 1)?
= —m2(2m + Dx —4(m + 1)r(2m)?

Then w(x) < 0 forall m = 0,1,2, ... yields (4.2) when n even number. O
(m)
We will now use the monotonic properties that have been proven for the function #’?l)(x(i) + % . These results
enable us to obtain their exact limits through the next proof.
Theorem 2 forx > O0andn = 1,2, ... The following inequality is hold
Y™ (x) x 1
0<—— +—<— 4.9
YO+ (x) n o 2n (4.9
Proof. Whenn =1
1
»® (x) YD (x+1) + 2
m +x = D) +x
'(l)(z) (x + 1) - F
We have
CYD(x+1) +x
lim v ) +x=0
=0x3 Y@ (x +1) -2
also
1 1 -
l/)(l) (x) x T2,z + O(X 3)
—1/’(2) ) +x=_1 1 - +x
7 - x—3 + O(X )
and
F ot 0G) N
lim X_2X 1 2x _
R tx=lim = =5
7z 3 0™ 7z 3 0™
Whenn = 2
@ @ 1) -2
PO (x) x P+ )—F_i_x
D () 2 6 2
YR 2 e ety
we have
CoxY@P x+1)-2x x
lim +5=
-0 x* Y (x+1)+6 2
also
-1 -1 _
P2 (x) +x_F+—3+0(x 4)+x
® 22 3 _ 2
0 Pl + L + 0(x73)
and
-1 -1 _ 1 -
I 7+F+0(x 4) X — i ﬁ—}'o(x 4) _1
A Tt =7, 3 1

x—3+F+0(x‘5) F+F+0(x‘5) 4
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In general form:

—1)n!
Y™ (x) x PO (x+1) - % x
- - —_ = X + —
(m+1) (x n DMl (n+1)! n
PEE T e (g - ED L
We have
i x™2 9™ (x + 1) — (-1)"n!x™ N
| *20 X2 POtD (x + 1) — (—D i+ D! 0
also
-D'"(n—-1)! (=1)"n! _
m-—-———-—- — = 1m —
Soo )@+ n o0 (—1)"n! -1 (n 4+ 1)! n
* v () * (xn)+1 _( )2x"(+2 ) + 0(x~(+3))
and
-D*"(n—-1)! (=1)"n! _ -D"(n)! (—D)"(n+ 1)! _
1- CDM=D_ DML (- i SEDM DML o)
m — = 11m
x-o (—1)™n! (1)1 (n+ 1)! _ n nowo (—1D)"™! (—1D)"*1(n+ 1)! _
_ + O(X (n+3)) _ + O(X (n+3))
xt1 an+2 xn+1 2xn+2
_EDrm =DM+ 1)
_ 2 2n
=Drm!
( @_(nﬂ)! 1
ﬁ = P lf n odd
= ) oo, G -
% = if nevev
. P (x) X . x .
Then the function @ o T 5 Increases from 0 to ——as x increases from 0 to co.
Example
P () PP | x PO | x AN AN
+x, +=, +=, +-, =t
P (x) Y& 2 YW (x) 3 PO x) 4 PO 5
/4 -
Figure 1: Special functions of polygamm functions.
As sequence of the above result, we obtain next property.
(m)
Corollary 3forx > Oandn = 1,2, ... the function —=—> + X has horizontal asymptotic line y = —

PO+ (x) n 2n’

Conclusion

This paper presents important properties of polygamma functions, namely explaining the increasing behaviour of
these functions, and presenting their upper and lower bounds.
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